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1 Introduction 

According to the conjecture of Calabi, on a complex manifold X with ample 
canonical bundle Kx, there should exist a Kahler-Einstein metric g. Namely, a 
metric satisfying Ric g = — u> g , where uj g is the Kahler form of the Kahler metric 
g. The existence of such metric when X is compact was proved by Aubin and 
Yau (|2H|) using complex Monge- Ampere equation. This important result has 
many applications in Kahler geometry. Starting with this important result, Yau 
initiated the program of applying Kahler-Einstein metrics to algebraic geometry 
(EDI)- It was realized by him the need to study such metrics for quasi-projective 
manifolds (|21|) and their degenerations. The original proof of [231 was a purely 
existence result. Later the existence of C\{X) < Kahler-Einstein metrics was 
generalized to complete complex manifolds by Cheng and Yau ([E])> where other 
than existence the proof also exhibits the asymptotic behavior of the Kahler- 
Einstein metric near the infinity boundary. 

Since Kahler-Einstein metric is canonical for a complex manifold, one would 
expect its structure to be closely related to the topology and complex geometry 
of the manifold. In this work we will explore one such relation between the 
convergence of Kahler-Einstein manifolds in the sense of Cheeger-Gromov and 
the algebraic degeneration of the underlying algebraic manifolds. 



From algebraic geometry point of view, when discussing the compactification of 
the moduli space of complex manifold X with ample canonical bundle Kx , it is 
necessary to consider a holomorphic degeneration family 7r : X — > B such that 
X t = 7r _1 (t) are smooth except for t — 0, and such that the canonical bundle of 
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X t for t ^ as well as the dualizing sheaf of Xq are ample line bundles. Such 
degeneration will be called canonical degeneration. 

For t ^ 0, the works of Aubin and Yau imply the existence of a unique Kahler- 

i 

Einstein metric gt on X t . For t = 0, assume the central fibre Xq = Di. 

i=l 

Under certain conditions, the work of Cheng and Yau implies the existence of 
a complete Kahler-Einstein metric <?o, i on each Di \ Dj. It is interesting 

to understand the relation between g t for t ^ and the collection of complete 
<7o,i's. Such understanding will provide structure results on the Kahler-Einstein 
metric gt (which was only known to exist previously) based on the structure of 
go/s. G. Tian made the first important contribution (in |17|1 in this direction. 
He proved (in 17 ) that the family of Kahler-Einstein metrics gt on X t is con- 
vergent in the sense of Cheeger-Gromov to the complete Kahler-Einstein metric 
.9o = {go,i}\=i on the smooth part of X under the following three assumptions: 

(1) . the total space X is smooth; 

I 

(2) . the central fibre Xq = Di has only normal crossing singularities; 

i=l 

(3) . any three of the IV s have empty intersection. 

Following Tian's framework authors of |B] and later jl 1| improved Tian's result 
by removing assumption (3) . Notice that for most natural examples of canonical 
degeneration, the total space X is not smooth, and there are a lot of canoni- 
cal degeneration singularities that cannot be reduced to normal crossing case. 
Therefore, there are very few natural examples beyond the curve case where the 
normal crossing results (^HBJE]) apply- 

One of the main purposes of this work is to give a class of interesting con- 
crete global examples, where the theory of the degeneration of Kahler-Einstein 
manifolds applies. More specifically, we will discuss the convergence of complete 
Kahler-Einstein hypersurfaccs in complex torus in the sense of Cheeger-Gromov. 
In the situations we are interested, the central fiber Xo of the underlying alge- 
braic degeneration is almost never normal crossing globally. In fact, the under- 
lying algebraic degenerations are naturally toroidal canonical degenerations. In 
[T2] , we generalized result and method in JT] to the case of toroidal degener- 
ation. Methods developed in ^] will enable us to deal with degeneration dis- 
cussed in this paper. Notice that the large class of natural examples discussed in 
this paper concern the convergence of complete Kahler-Einstein manifolds with 
finite volume. In |15| . we will discuss another large class of natural examples 
concerning the convergence of complete Kahler-Einstein manifolds with infinite 
volume. 
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The examples discussed in this paper are inspired by our previous work JU| 
on the "large complex structure limit" degeneration phenomenon that was first 
discovered by Viro JU| m his work of curve patching. This original idea of 
Viro has many interesting applications in very diverse problems. For example, 
it was applied by Mikhalkin 7 to real algebraic curves, by Sturmfels ^Hl to 
solving algebraic equations and by our previous work JU| to Lagrangian torus 
fibrations and mirror symmetry. From (symplectic) topology point of view, |10j 
and 8 indicate that complex hypersurfaces in complex torus admit "generalized 
pair of pants" decomposition induced by such degeneration in terms of singular 
(Lagrangian) fibration. For example, Ct = {(21,22) <= (C*) 2 : p t (zi,Z2) = 0} 
with 

Pt(zi,z 2 ) = t 3 (l + z\ + z\) + t{zi +z( + z 2 + z% + z x z% + z\z 2 ) + Zl z 2 

defines a family of cubic curves in complex 2-torus, which topologically are 
elliptic curves with 9 points removed. When t goes to zero, Ct degenerate 
into 9 "pair of pants" (CP 1 with 3 points removed that can be identified with 
{zi + z 2 + 1} C (C*) 2 ). This example can also be viewed as an explicit realiza- 
tion of Deligne-Mumford stable degeneration of elliptic curves with 9 marked 
points into a stable curve as the union of 9 pair of pants. (For more detail of 
this degeneration construction and its higher dimensional generalization, please 
refer to section 3.) Our current work ( theorem 16. 2fl will show that the conver- 
gence of the corresponding canonical Kahler-Einstein hypersurfaces in the sense 
of Cheeger-Gromov will canonically degenerate the underlying manifolds into 
"generalized pair of pants" decomposition. This result brings yet another inter- 
esting relation between the Kahler-Einstein metric and the complex, symplectic 
geometry and topology of the underlying manifold. 

Another main objective of this paper is to find interesting examples of minimal 
Lagrangian submanifolds in Kahler-Einstein manifolds with negative first Chern 
class. Such minimal Lagrangian submanifolds were first discussed in pQ. Up to 
now, most known examples of such minimal Lagrangian submanifolds are either 
the fixed point set of an anti-holomorphic automorphism of the Kahler-Einstein 
manifold or explicit local examples. In our opinion, such minimal Lagrangian 
submanifolds arise most naturally as the vanishing cycles of degeneration of 
Kahler-Einstein manifolds with negative first Chern class. In ^3], we developed 
deformation techniques to construct such minimal Lagrangian vanishing cycles 
in general. Applying techniques from |14| . we are able to represent the vanishing 
cycles of the degeneration discussed in this paper by minimal Lagrangian tori 
in the corresponding Kahler-Einstein hypersurfaces (theorem 18. 211 . In the curve 
case, the minimal Lagrangian tori are just minimal geodesic circles that will 
canonically divide smooth Ct near the degeneration into a union of hyperbolic 
pairs of pants. 

The paper is organized as follows. Section 2 summarizes the basic facts from 
Riemannian geometry that are needed for our work. Section 3 introduces the 
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algebraic framework and structure of the degenerating family {X t } of hypersur- 
faces and discusses its canonical limit X$. In sections 4,5,6, we carry out the 
proof of the convergence of Kahler-Einstein hypersurfaces in complex torus in 
the sense of Cheeger-Gromov to generalized pair of pants decomposition. Since 
the degenerating hypersurfaces in this paper are not compact, results in |12| 
do not apply directly. In section 4, proposition 14. II is proved based on lemma 
14.21 which is the main technical result that enables us to generalize estimates in 
|12| to the complete manifold case here. In section 5, the approximate metrics 
are constructed rather explicitly, which is an improvement over the formula in 
|12| that would not apply to the complete manifold case. The construction and 
estimates of the approximate metrics here are global in nature and are simpler 
than the counterparts in ^21- Section 6 is essentially the same as its counter- 
part in • I n section 7, we clarify the relation between the "large complex 
structure limit" degeneration in this paper and general toroidal degeneration 
discussed in In section 8, we apply general result from to construct 

minimal Lagrangian vanishing torus in our Kahler-Einstein hypersurfaces here. 

Convention of notations: (1) When we use gt to denote a Kahler metric, 
we will automatically use u) t to denote the corresponding Kahler form and vice 
versa. (2) When the Kahler potential is log[V t /(f2 t A f2 t )] for volume V t and 
some holomorphic section f2 t of Kx t , since the Kahler metric is independent of 
the choice of f2 t , by slight abuse of terminology, we will call the Kahler potential 
the logarithm of the volume form Vt and denote by logVt. (3) By A ~ B, we 
mean that there exist constants Ci > C\ > such that C\B < A < C^B. 
(4) Following convention in analysis, C is used to denote a constant that may 
differ in different formulas. (5) A smooth function f(x) is called a bounded 
smooth function of x if f(x) and all its multi-derivatives are bounded when x is 
bounded. We have the following basic properties of bounded smooth functions: 

Proposition 1.1 (i) If both f and g are bounded smooth functions, then fog 
is also a bounded smooth function, (ii) If f(x) is a bounded smooth function 
of x and \f(x)\ > C > 0, then log/(x) is a bounded smooth function of x. 
(Consequently, 1/ f{x) = exp(— log f(x)) is a bounded smooth function of x.) ■ 

2 Background from Riemannian geometry 

Notations in this section will not extend to other sections of this paper. Re- 
sults in this section are all wellknown basic facts from Riemannian geometry. 
We present them here due to our failure to find a source that is written in a 
convenient enough form for us to quote from. 

Let (X, g) be a Riemannian n-manifold, and be vector fields that form 

a frame field. Let oti be the dual 1-form fields, and g = gijOnctj. [vi, Vj] = a^Vk- 

Let {wi}f =1 be another frame field and u>i = bjvj. 
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Definition 2.1 The frame field is called proper (with respect to g) if 

a ij> 9ij an d a tt their -multi- derivatives with respect to {uj}™ =1 are bounded and 
det(gij) > C > 0. We say that {«i}" =1 is equivalent to {wi}™ =1 if b? and all 
their multi-derivatives with respect to {vi}f =1 are bounded and det(&f ) > C > 0. 

It is easy to verify the following 

Proposition 2.1 Two proper frame fields and {wi}f =1 are equivalent 

to each other. A frame field {wj}™ =1 that is equivalent to a proper frame field 

{ v i}i=i is also proper. ■ 

A Riemannian manifold (A, g) is said to have C°°-bounded curvature if the 
curvature of (A, g) and all its covariant multi-derivatives are bounded. A smooth 
tensor T on a Riemannian manifold (A, g) with C°°-bounded curvature is called 
C°°-bounded with respect to (A, g) (or C^°-bounded) if T and all its covariant 
multi-derivatives are bounded. We have 

Proposition 2.2 (A, g) has C 00 -bounded curvature if for any point x 6 X, 
there exists a proper frame field {vi}™ =1 on a neighborhood U x of x. A smooth 
tensor T on such (X,g) is C 00 -bounded if and only if T and all its multi- 
derivatives with respect to the proper frame {i>i}™ =1 are bounded in each U x . 

Proof: The connection coefficients 1^ can be expressed as rational functions of 
a iji 9ij an d their multi-derivatives with respect to {i>i}™ =1 , where denominators 
can only be powers of det(^j). Consequently, the curvature of (A, g) and all its 
covariant multi-derivatives can be expressed as rational functions of afj , gij and 
their multi-derivatives with respect to where denominators can only be 

powers of det(<7ij). Therefore, when {vi}? =1 is a proper frame field on U x , (X,g) 
has C°°-bounded curvature on U x . 

Notice that the difference of a covariant multi-derivative of T and the corre- 
sponding multi-derivative of T with respect to {uj}™ =1 will be a bilinear com- 
bination of (connection coefficients and their multi-derivative with respect 
to {vi}2 =1 ) and (lower order multi-derivative of T with respect to {vj}™ =1 ). By 
induction, we get the second part of the proposition. ■ 

(A, g) is said to be C°°-quasi-isometric to (A, g') if (A, g) is quasi-isometric to 
(X,g'), g has C°°-bounded curvature and g' is C°°-bounded with respect to g. 

Proposition 2.3 (A, g) is C°° -quasi-isometric to (X,g') if and only if for any 
point x e X, there exists a frame field {fi}" =1 on a neighborhood U x of x that is 
proper with respect to both g and g' . A smooth tensor T on X is C°° -bounded 
with respect to g if and only ifT is C°° -bounded with respect to g' . 
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Proof: Assume that (X,g) is C°°-quasi-isometric to (X,g') and {wi}™ =1 is a 
proper frame field with respect to g. Then det(py) > Cidet(gy) > C2 > 
and g' is C°°-bounded with respect to g. By proposition 12.21 • and all their 
multi-derivatives with respect to 1 are bounded. Hence {vi}™ =1 is a proper 

frame field with respect to g' . 

Conversely, if {t>i}™ =1 is proper with respect to both g and g' , then g is quasi- 
isometric to g' and both g and g' have C°°-bounded curvature (proposition 
Further more, by proposition 12. 21 g' being Cy 3 -bounded implies that g' and all 
its multi-derivatives with respect to the proper frame are bounded with 

respect to {i>i}™ =1 . Consequently, g' is also C^°-bounded. Therefore, (A, g) is 
C°°-quasi-isometric to (X,g'). 

By proposition 12.21 T on A" is C°°-bounded with respect to g if and only if T 
and all its multi-derivatives with respect to {vi}2 =1 are bounded if and only if 
T is C°°-bounded with respect to g'. ■ 



Proposition 2.4 C°° -quasi- is ometry is an equivalence relation. 

Proof: The first part of proposition 12.31 implies that C°°-quasi-isometry is a 
symmetric relation. Assume that (X, g) is C°°-quasi-isometric to (X, g') and 
(X, g') is C°°-quasi-isometric to (A, g"), then g" is C°°-bounded with respect to 
g' . By the second part of proposition ^. 31 we have that g" is also C°°-boundcd 
with respect to g. Consequently, (X,g) is C°°-quasi-isometric to (A, g"). ■ 

Proposition 2.5 Assume that (X,g t ) are C°° -quasi- isometric to each other 
uniformly for different t near 0, and lim gt(x) = ga(x) for any x G A. Then g t 

converge to go on X in C k -topology on the space of Riemannian metrics as t 
goes to for any k. 

Proof: Since gt are C°°-quasi-isometric to each other uniformly for different t. 
For any sequence gt k with lim tk = 0, there exists a subsequence gt k . that con- 

k — >oo 1 

verges (necessarily to go by the assumption of the proposition) in C fe -topology 
on the space of Riemannian metrics as i goes to 00 for any k. Consequently, gt 
converge to go on F in C^-topology on the space of Riemannian metrics as t 
goes to for any k. ■ 



3 Basic setting 

Consider an integral convex polyhedron A (in a rank I lattice M) with a 
real valued convex function w — {u> m } m eA that determines a simplicial de- 
composition of A. Let Z (Z top ) denote the set of (top dimensional) sim- 
plices. Such w is clearly generic. We have the family of complex hypersurfacc 
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X t = {s t _1 (0)} C N c * = (C*Y, where N = M v , s t = ^ t Wm s m , s m denotes 

meA 

the monomial on Nc* — (C*) 1 corresponding to to G M. 

Let f2 be the canonical holomorphic volume form on Afc» = (C*) . For t ^ and 
to G A, we have s t /s m : iV c » — > C. Q t , m — (t Wm fl <S> (d(s t /s m ))~ 1 )\x t defines 
a section of Kx t — (Kn c * ® )\x t - {^t,m}meA are holomorphic sections of 
Kx t with at most logarithmic singularities at the infinity. 

e t = {n t ,m}meA : X t - CP^I" 1 
is an embedding that equals to the restriction to X t of the natural embedding 
it = {t Wm s m } meA : (C*)'^ CPl A l" 1 . 

Let Ft = Imaged) and H = {z G CP 1 ^ 1 : £ m£A 5 ™ = °>- Thcn X t = Y t^H. 
Y t has a natural set-theoretical limit Yq in CP' A ' _1 . 

Y = (J T s , T s = {z G CP^'- 1 : z m /O(meS); z m - (to 5)}. (3.1) 

Let X = Y n H. We have AT \ Smg(X ) = (J X ,<?, where AT ,s = T S C\H. 

sez top 

As set-theoretical limit of X t , X generally has multiplicities. 

To get the canonical multiplicity 1 algebraic limit of the family {X t } when 
t — > 0, we will need the following basic construction of an algebraic variety 
Ye determined by a fan £ G M. For each cr G S, there is an affine variety 
A a — Spec(C[cr]). For cr, cr' G £ satisfying a C cr', there is a natural semi-group 
morphism cr' — > cr that restricts to identity map on a G cr' and restricts to zero 
map on cr' \ cr, which induce the map h aa i : A a — ► Using {/w}o-,cr'eE, we 
may glue the affine pieces {A a } aS: Y, into the singular variety Ye- We have the 
following natural canonical (Whitney) stratification 

Ye = [J T a , where T a = (N/a^) ® z C*. (3.2) 

cr£E 

For each polyhedron S <E Z and a vertex m G S 1 , there is the natural tangent 
cone cr mi s C M of 5 at to. For each m G A, E TO = {cr TOj s} m£ s e z forms 
a fan in M. The polyhedron S determines a toric variety Ps- The fan S TO 
determine a singular variety Yi: m - For m G 5, the affine variety A amS has 
natural embeddings Ar m , s ^ and A am S <-^> Ps- Using such embeddings, 
we may glue {Ys m } me A and {-Psjsez together to form a variety Yz such that 
Ye to n Ps = A CJrn S . We have the following natural canonical (Whitney) strati- 
fication 
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Yz= \J f s , where f s = N s ® z C*, N s = N/S ± . (3.3) 
sez 

For each S £ Z, there is a natural finite cover io,s = {s m }mes : Tg — > Tg c 
CP' A ' _1 . Together, we have the global map io = {io,s}5ez : Is -* Fo C 
CPl A l-\ Let X = io X (^o) = Usez^o.S, where X , s = i^ s (X Q ,s)- We have 
eo,s = io,s\x , s ■ X .s -> X Q . S C CP |A|_1 and e = io\ Xo : X ^ X C 
Cp|A|-i_ For each s e Ztop; f s ^ ^ c »y j under the toric gauge u, m = o for 
r7i G S 1 , we have in s = lim it and ens = lim et- In such sense, we may think 

t—i-0 ' t— i-O 

of A"o (rcsp. Yz) as the canonical multiplicity 1 algebraic limit (canonical 
limit for short) of the family {X t } (resp. {It}) when t — > 0. Each Xq_s for 
5 £ ^top is a so-called "generalized pair of pants" , which is a finite abelian cover 
of {ze {C*) l \z 1 + --- + z l + l = 0}. 

Remark: It is easy to see that all constructions in this section can also be car- 
ried out (with slight modification), when w = {w m } mS A is not generic, namely, 
Z is a convex polyhedron decomposition instead of a simplicial decomposition 
for A. 

4 Basic estimates 

In the estimates of the later sections, we quite often need to prove certain func- 
tions on X t are C°°-bounded (uniformly with respect to t). The main goal of 
this section is to prove proposition 14.11 which provides the technique for such 
purpose. The proof of proposition 14. II depends on the estimates (lemmas |4.1l 
14. 211 for the convex function w. 

For to £ A, define 

a m = K- log Vm , where Vm = \\t Wm s m \\l \\s\\ 2 = \s\ 2 ( £ \t\ 2w ™ \s m \ 2 

WeA 

and k > is a constant that will be determined later to make a m suitably large. 
Lemma 4.1 There exists a constant a > such that for any x € Nc* the set 

S x .a = {m E A|77 m (x) > t a } 

is a simplex in Z . 

Proof: According to the definition of r] m , it is easy to see that w = {w m }meA 
equals to the pieccwisc linear convex function w — {io m } m eA up to the adjust- 
ment of an affine function, where w m — (logJ7 m )/(21ogt) > 0. Assume there 
is a subset S C S Xja that forms a simplex not in Z. Since < w m < a for 
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m G S, we may adjust w by an affine function so that w m = for m G S and 
ii m > —C\a for to g" S. 

Generally, there exists a constant C2 > that only depends on the equivalence 
class of the strictly convex w modulo affine functions, such that inf m6 A w m < 
—Ci for any simplex S G" Z and adjustment of w by affine function (still denote 
by w) satisfying w m = for to G S. If we take a < C2/C1 and S = S £ Z, we 
have a contradiction. Therefore S x a is a simplex in Z. ■ 

Lemma 4.2 For any x G -ZVc*, i/iere exists S x G ^top wra'tt the filtration Si(= 
S x ,a) C ••■ C Sk(~ S x ), numbers t±(= t a ) > ■ ■ ■ > tx > 0, and bk,Ck > 
for 1 < k < K such that r] m (x) > t'jf for m G Sk and t b k h > rj m (x) for m G 
(A \ S k ) n (M fc \ M fc -i), w/iere M fe = Span(S fc ), M = {0}. 

Proof: Take Si = S x , a and ii = t a , lemma R~T1 implies that r) m (x) > ti for 
m G Si and ii > rj m (x) for m G A \ Si. Assume the lemma is true up to k. As- 
sume that r] m (x) reaches maximum t^+t at to = to^+i for m G [J S\Sk- 

sez,s k cs 

Let Sfc+i = Sfc U {mfe + i} and Mfe+i = Span(Sfc+i). Then it is easy to see 
that there exist 6fc+i,Cfc-|_i > such that r) m (x) > t c k k ^ for to G Sk+i and 

t b k +1 > Vm(x) for to G A (~l (Mfe+i \ Mfe). By induction, we get the desired 
filtration and S x . ■ 

Let S = {too, 777-1 , • • ■ , to;} G i?top- Without loss of generality, we may normalize 
w so that w mi = for < i < I. Then by convexity of w, we have w m > 
for to g" S. Without loss of generality, we may assume that a mi is in ascending 
order. Take coordinate z — (zi, ■ ■ ■ , zi), where Zi — s m Js. mo . Then 1 > \z±\ > 
■ ■ ■ > \zi\. We may identify too to be the origin of M. Then 

! 

Sm /s = z m = l[zf, for to 5, 

i=l 

where (to 1 , • • • , to') is the coordinate of m with respect to the basis {toi, • ■ • , to;} 

9 

of M. Let J m = < i < I, m l ^ 0} and = a mj z 3 — . 

ozj 

Lemma 4.3 Each derivative of a term in the following 
ZjP(a m] ) 7 ZjP(a mj ), for 1 < j < I; 

t Wm z m P({a mj }jei m ), t w ™z m P({a m] } jeIm ), for to G A \ S; (4.1) 

— — -, for m G A \ S and j G I m ; 

am 

with respect to {Wj, Wj}j = i is a finite sum of products of a term of the same 
form and a bounded smooth function of terms in j^.J| ). (Here P denote poly- 
nomials. A term of the same form as — i will just be the same term, while a 
term of the same form as ZjP(a m .) may have different polynomial P.) 
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Proof: 

W% (log zj) = S jk a mj . 
W° k (loga mj ) = S jk - (a mk \z k \ 2 )-L—^. (4.2) 

W° k (loga m ) = m k< ^ - (a m J^| 2 )-l— 1— . 
The conclusion of the lemma is an easy consequence of these computations. ■ 

Lemma 4.4 There exists a constant C > such that when restricted to X t , 
near x G X t satisfying S x — S, we have 1 > \zi\ > C. 



Proof: When restricted to X 



1 + ZX + --- + ZI+ J2 t w ™z m = s/s = {). 

meA\S 

Since we assumed that \zi\ is the largest among \zi\ for 1 < i < I, and when 
S x = S, m G A \ S is not in 5^, a C S^. Consequently, i 10 " 1 ;?™ = \s m /so\ < 
|s?ni/sol — \ z i\ f° r m£ A\S. Therefore 



1 = - \ zi + • • • + zi 



When restricted to under the coordinate (22, • • ■ , z{), let Wj = a mj Zj— — 

3 

for 2 < j < I. 

Lemma 4.5 When restricted to X t , near x £ X t satisfying S x — S, each 
derivative of a term in with respect to {Wj,Wj} l j =2 * s a finite sum of 

products of a term of the same form and a bounded smooth function of terms in 

EZP- 

Proof: When restricted to X t , near x € X t satisfying S x = S, 
Zl = -l-z 2 zi- E I™™ 2 ™ 

meA\S 

is clearly a bounded smooth function of terms in l|4.1|) . Since 1 > \zi\ > C > 
(lemma l4.4[) . by proposition ll.il zi, log^i and their complex conjugates are 
all bounded smooth functions of terms in l]4.ip . Let / be a bounded smooth 
function of terms in l|4.1(l , then 

*W) = w£(/) + w*(*i)|£- 
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The only term in Wk(f) that needs comment is 

W k ( Zl )^ = a mk z k ^p- = - — - \ z k a mk + V m k t w -z m a mk I W?(f). 
dzi dz k dz 1 a mi z x \ 

This computation together with lemma E331 implies the desired result. ■ 

Proposition 4.1 Let f be a bounded smooth function of terms in Near 
iGlt satisfying S x = S , f and its multi-derivatives with respect to {Wj, Wj} l j =2 
are bounded (uniformly with respect to t). 

Proof: Since rj m < 1, by taking the constant n > large, we can ensure that 
a m > C > 0. When S x = S, lemma gives us the nitrations {S k }^ =1 and 
{M k } k=1 - For m S A \ S and j e 7 m , there exists k such that m 6 M*, \ Mfe_i. 
Since m J 7^ 0, we have rrij £ S k . Lemma FOl then implies that rj m < t b k k < r]m j Ck ■ 
Hence there exists a C > such that a mj < Ca m . Consequently, the terms in 
H4.1fl are bounded (uniformly with respect to t). By lemma l4~5l we get the 
desired results. ■ 



5 Construction and estimates of the approxi- 
mate metrics 

Choose the Fubini-Study metric uips on CP' A ' _1 , and dehne 

Then the Kahler potential of (bt is the logarithm of the volume form 



mGA 



Let 



then 



h t = k 2 ^2 A Si A s = as 1 ' a S = Yl a ™' 



(Ms = -Asd log as, <9cMs = -Asddlogas + Asd\ogasd\ogas, 

^-dd\ogh t = V A s 991oga5+w' = V A s ^s+ ( V] ^-^ ) w t W, 

sez top sez top \m£A / 

where 
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vneS m \SeZ top J S3m 



u' = — A s91oga|91oga|-^- ^ A s <91oga| ^ A 5 <91oga§ 

SdzZtop \SGZtop J \5G2^top 

= ^s^S'd(loga 2 s - loga|,)d(loga| - loga|,). 

Let Vt = htVt, then we have the Kahler form of the approximate metric 

1 _ 1 _ 

u> t = —ddlogV t =w t + —ddloght 

Z7T Z7T 

V m£A am / SeZ top 

Lemma 5.1 iVear x £ X t satisfying S x — S, u) t is quasi-isometric to 

i ■sr-^ 1 dzidzi 

Proof: 

^ = ^ + £[KhII? + ^ m *|| Sm || t2 ]___ 

Zl fc=l V ™6A\5 ' 1 

Since ||s m ||? = 0(t a ) for m e A \ S, we have 
i / i 



/\da mi =[l + Y,\\s mk \\ 2 + 0{t«)\ A^- 

i=i V fc=i / i=i * 

z da mi da mi , . . i \ 1 dzidz; 



Consequently, — > is quasi- isometric to — > — ^ : — — . It is 

straightforward to verify the following: 



(1) — ^ 9a mt da mi q uas j_j gometr j c to ^ As^g + a/, 
77 i=i a ™« sez top 

(2) - V" -f-^ dominates u) t , 
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/n\ i 1 dzidzi . i ^ 1 dz^Zj 
(3) — > -= j — is quasi-isometric to — > — ; — — . 

Combining these, we get the desired conclusion. 



Proposition 5.1 Near x £ X t satisfying S x = S, uj t is C°° -quasi-isometric to 
uj° s , and the basis {Wj,Wj} l j =2 * s proper with respect to both metrics. 



Proof: It is straightforward to check that the coefficients of [Wj, Wk], \Wj, Wk], 
[Wj,Wk] with respect to the basis {Wj,Wj}j =2 are all bounded smooth func- 
tions of terms in 14.1J1 . For example, 

[Wj , W k ] = Wj (log a mk )W k - W k (log a mj )W . 



(log on, J = W^°(loga m J - — \ z j + V mH Wm z m W?(loga mft ). 

amiZl V m.eA\S / 

By (|4.2() , Wj (log a mk ) is clearly a bounded smooth function of terms in i|4.1|) . 
By proposition 14.11 and proposition 12.21 we have that {Wj,W,*}j-_ 2 is proper 
with respect to cug. 

It is straightforward to check that the coefficients of u>t with respect to the basis 
{Wj, Wj} l j =2 are & H bounded smooth functions of terms in 1)4. 1|) . By proposition 
14.11 lemma I5~TI and proposition 12.21 we have that {Wj,Wj} l j =2 is a l so proper 
with respect to w t . Consequently, uj t is C°°-quasi-isometric to cj%. ■ 

Proposition 5.2 The curvature of gt and its derivatives are all uniformly bounded 
with respect to t. 

Proof: This is a direct consequence of propositions 15 . II and 12 . 21 ■ 
Lemma 5.2 Near x £ X t satisfying S x = S, 

v t = (i + \ Z \ 2 + o(n)^ mo « n t , mo = (i + o(n)±pf n 

pi i l=2 ri 

0{t a ) for m £ A \ S. The first equality is obvious 



t-w m ~m 



from the formula 

v t = (i + \z\ 2 + J2 \t Wm z m \ 2 )n Umo ®^ ma . 

meA\S 

1 dz- 

Smces t /s mo = l + z 1 + --- + zi+ ^ t Wm z m , d(s t /s mo ) = ^(^ + 0(t a ))— . 
The second equality is a direct consequence of 
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1 rir- 

n timo = (fi ® (dist/sm,))- 1 )^ = (i + o(t a ))- n — 



^1 2i 
1 i=2 1 



l-l 

Assume e Vt = , we have 

Proposition 5.3 |^| is bounded independent oft. 

Proof: According to lemmas [5.21 and I5"T1 and the definition of h t , we have 

.l-l , .i-i 



Vt h t V t 

Therefore \<j>t\ is bounded independent of t. ■ 

Proposition 5.4 For any k, \\(f>t\\c k ,g t * s uniformly bounded with respect to t. 

Proof: With proposition l5.3l it is straightforward to check that <j> t is a bounded 
smooth function of terms in 1)4. Q , Applying proposition ^. H and proposition l5.ll 
we get the desired result. ■ 

Let ipt ■ Ao \ Sing(Ao) — > X t be the Hamiltonian-gradient flow (lifted to 
Xq \ Sing(Ao) from A \ Sing(A )) with respect to the family X t C CP |AM 
under the Fubini-Study metric. Then ipo = eo- As discussed in and the ref- 
erences therein, the Hamiltonian-gradient flow ijj t for a general family {X t ,gt} 
with total space {X,g) satisfying g\x t = 9t is defined along radial direction 
Ida = = re 1 ® : < r < 1}, and is completely determined by the restriction 
{A t , gt}tei e ■ The flow ij) t for a similar situation was discussed in the remark at 
the end of j*[T]. The fact that we will need of the flow is that locally near any 
compact set F G Ao \ Sing(Ao), the flow {^t}teh is a bounded smooth family 
of smooth diffeomorphisms, which is obvious because the Hamiltonian-gradient 
vector field is smooth in such region. 

Let ho\x s = ho,s\x s = for eacn s e z to P , and w = + ^dd\ogh , 

where ujq = CqUJfs- Then we have 



Proposition 5.5 The approximate metric gt on X t will converge to the com- 
plete metric go on Xq \ Sing(Ao) in the sense of Cheeger-Gromov: for any 
compact subset F C Xq \ Sing(Ao), V't ff* converge to go on F in C k -topology on 
the space of Riemannian metrics as t goes to for any k. 
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Proof: Without loss of generality, we may assume that F is a compact subset 
in Xo t s for fixed S £ Z top . Since eo(F) is a compact subset in Tg, there exists a 
constant C > and a choice of small ncig hborhood U s C CP |A|_1 of e (F) such 
that 1 > \z\\ > • • • > \zi\ > C in Us- Hence, for iel ( n Us, we have S x = S. 
And it is straightforward to see that {Wj, Wj} l j =2 is equivalent to {^-, -^-}\=2 
in X t DUs- By propositions 12. II and 12.31 we have that g t is C°°-quasi-isometric 
to gt in X t (~l t/s, uniform with respect to t. It is also straightforward to see that 
fe's:^fS:}U are equivalent to each other for different t. Hence ipt9t are 
C°°-quasi-isometric to each other for different t. Consequently, tp^gt are C°°- 
quasi- isometric to each other uniformly for different t. It is straightforward to 
see that lim ipt9t — 9o on F as tensors under C°-topology By proposition 12. 51 

we have i/j%gt converge to go on F in C fc -topology on the space of Riemannian 
metrics as t goes to for any k. ■ 



6 Construction and degeneration of the Kahler- 
Einstein metrics 

In J7j, using the Monge- Ampere estimate of Aubin and Yau, Tian essentially 
proved the following theorem when X t are compact. The case when X t are 
complete can be proved in exactly the same way if one uses the Cheng- Yau's 
Monge- Ampere estimate for complete manifold instead (0]). 

Theorem 6.1 Assume that <pt, the curvature of gt and their multi-derivatives 
are all bounded uniformly independent of t, the approximate metrics gt on Xt 
converge to the complete metric go on Xo \ Sing(Yo) in the sense of Cheeger- 
Gromov, then the complete Kdhler- Einstein metric g^ E on X t will converge 
to the complete Kdhler- Einstein metric gE.o on Xq \ Sing(Ao) in the sense of 
Cheeger-Gromov. ■ 



Theorem 6.2 The complete Cheng-Yau Kdhler- Einstein metrics g^r on X t 
satisfying Ric(g^ E ) = — g^ E converge to the complete Cheng-Yau Kdhler-Einstein 
metric gE,o on Xq \ Sing(Yo) in the sense of Cheeger-Gromov. 

Proof: This theorem is a direct corollary of theorem 16.11 and propositions 15.21 

rrnm ■ 

It is easy to see that our construction actually implies the following asymptotic 
description of the family of Kahler-Einstein metrics. 



Theorem 6.3 Kdhler-Einstein metric g^r onX t is uniformly C°° -quasi-isometric 
to the explicit approximate metric gt- More precisely, there exist constants 
Ci,C2 > independent oft such that C\gt < gf^ E < C^g* and g^ E is uni- 
formly C°° -bounded with respect to gt. 
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Proof: The uniform C°-estimate of the complex Monge- Ampere equations im- 
plies that C x J t ' x < {ujf^) 1 - 1 < Caw^ 1 for some C U C 2 > 0. The uniform 
C 2 -estimate of the complex Monge- Ampere equations implies that Tr gt g^ is 
uniformly bounded from above. Consequently, is uniformly quasi-isometric 
to g t . The uniform complex Monge- Ampere estimates based on the uniform 
estimates in propositions l5 . 'S\ IS~21 15 .41 imply that g^ is uniformly C°°-boundcd 
with respect to gt. ■ 



7 Toroidal degeneration 

Although the degenerations discussed in this paper are examples of toroidal 
degenerations, due to the special structure of our situation, we are able to 
construct the degeneration family of Kahlcr-Einstein metrics directly without 
incurring the general theory of toroidal degeneration. Therefore, the discussion 
in this section is not absolutely necessary for other sections of this paper, but 
will serve to reveal the underlying algebraic degeneration structure. 

As one may observe, the degenerations discussed in our paper are somewhat 
more general than usual algebraic degenerations. In algebraic geometry, degen- 
erations are usually over a disc D — {\t\ < 1} C C with the central fibre Xq 
over t = being the singular fibre. In our situation, since w is not necessar- 
ily rational, there are multi-fibres X t over each i ^ 0, while there is only one 
singular fibre X over t = 0. We will call such degeneration R-degeneration. 
To avoid multi-fibres, we may consider the restriction of the degeneration to 
a ray Ig = {t = re l8n : < r < 1} for a fixed angle 8 or a fan-like region 
Dg ,e = {t = re w : < r < 1, 6 - e < 6 < O + e}. 

Recall that M is an integral lattice, and N — M v . Consider w = {w m } meS //( 1 ), 
where E"(l) is a finite subset of primitive elements in M whose real convex span 
is Mr, and w is convex at the origin (in another word, w can be adjusted by a 
linear function on M such that w m > for m 6 S"(l)). Then there exists the 
maximal piecewise linear function p on M satisfying p(m) < w m for m G S"(l). 
Let S'(l) be the subset of S"(l) such that p(m) = w m , and S(l) be the subset 
of S'(l) such that p is not linear near m for m € S'(l). p determines a complete 
fan £ on M with E(l) identified with the set of 1-dimensional cones in S. We 
will assume w to be generic, then £ will be a simplicial fan. w is called convex 
(resp. strictly convex) if S"(l) = S'(l) (resp. S"(l) = S(l)). In particular, 
w 1 = w|e'(i) is convex and w" = w|s(i) is strictly convex. 

For t± 0, it = {s m (z)} meS n (1) : Afc- -» Cl s "«l with s m {z) = t w ™z m defines 
a family of toric embedding. Let X t = i t {N c *) and X Q = [J l ,u C C |E ' (1)I , 

er<E£ 

where X , a = i A N c) with » 0|<7 = {z m } me ^ {1)na : 7V C - -» C 
C |s " (1)l . X is the set-theoretical limit of X t in C |E " (1)I as t -> 0. Such degen- 
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eration {X t } is called toric degeneration (determined by w). Two toric degen- 
erations with the same Xq are said to be equivalent to each other. Among 
all the toric degenerations with the same w" = iw|e(i)) there is a minimal 
equivalent class determined by toric degeneration satisfying w" = w, there is 
also a maximal equivalent class determined by toric degenerations satisfying 
Span z (S'(l) fl a) = Span z (a) for all a G S. General toric degenerations de- 
generate Xt to different components of Xq with possibly different multiplicities, 
while the maximal toric degeneration is simple, namely, it degenerate X t to Xq 
with multiplicity 1. 

A degeneration {X t } is called toroidal if it is locally a toric degeneration times 
a smooth manifold. 

Lemma 7.1 {Xt} and {Yt} defined in section 3 are toroidal degenerations at 
t = 0. 

Proof: Since the hypersurface H intersects each smooth strata of Yq trans- 
versely, we only need to verify the lemma for {Yt}. 

For S G Z , w defined in the beginning of section 3 can be adjusted by affine func- 
tion on M so that w m — for m£S and w m > for m G A\S. Let F be a com- 
pact subset in Tg- Then for x G Y t near F, we have S C S x = {m Q , mi, ■ ■ ■ ,m{\. 
Assume S = {m , mi, • • ■ , ?n;/} for some I' < I. Then locally near F, we have the 
map it = {i' t ,i'{) : Y t C^l- 1 with i[ = (zi, ••-,«,/) and %» = {t w ™ z m } meA \ s . 
Since F C T5 is compact, we have C\ > \zi\ > C2 > for 1 < i < V . Conse- 
quently, i'l is naturally a toric degeneration and {Yt} near F is a toric degener- 
ation family times *o s(-^)' wnere *o,S : (Ns)c* — > is a finite cover. ■ 

It is not hard to check that the canonical limit Xq (resp. Yz) defined in section 
3, when restricted to each local toric degeneration model, is exactly the simple 
maximal toric degeneration limit of {X t } (resp. {i 7 *})- 



8 The minimal Lagrangian vanishing torus 

In |14|. we constructed minimal Lagrangian vanishing torus for toroidal de- 
generation family of Kahlcr-Einstein manifolds discussed in near maximal 
degeneracy points. In this section, we will apply results in |14j to construct min- 
imal Lagrangian vanishing torus in (Xt,g^ E ) near maximal degeneracy points 
in Xq. The maximal degeneracy points in Xq are O-dimensional stratas in Xq. 
They are the intersections of 1-dimensional stratas in Yq and H . 1-dimensional 
stratas in Yq correspond to 1-simplices in Z. Let Si — {ttlq , uii } G Z be a 
1-simplex. Let M = M/Z(mx — Wo)> with the projection n : M — * M. We will 
use E(l) C M to denote the image of A Sl = I) (S \ Si) C M into M. Let 

Stcsez 
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Z denote the set of simplices -k[S\S\) in M for S E Z satisfying Si C S. Adjust 
{w m } mS A by affine function, we may assume w mo = w mi = and w m > w for 
m e A \ Si and a constant w > 0. 

For to £ Asi, define s r - n = (s m /s mo )\f, where to = 7t(to), T = {x G (C*) : 
s mi {x) = — s mo (x)}. {^ u, " l Sm} Ae s(i) : T ~~ * C' 5 ^ 1 ) defines a toric degeneration. 
Let A = M v = (mi — mo) . There is the natural moment map F : T = Ac» — > 
A R . Recall from [itj 

A r = {.x G Aja|(m, a;) + rw m > 0, for to G S(l)}, where r = — log [t | . 

On F^ 1 (A T ) C T, define a family of toric Kahler metrics gJ or with Kahlcr 
potential p T = log h t , where 



h t = ^ A S' As = ag 1 , a s = a m , a m = -log|t" 

sez top rhes 



•s- I 2 



Let O be a maximal degeneracy point in Xq. Then locally near O, X t can 
be identified with F~ 1 (A T ). More precisely, we will use the coordinate {z k — 
s m k /s mo } l k=2 with respect to a fixed 5* = {to , • • • ,m;}(= {to , mj U S,) G 
■Ztop as toric coordinate for the identification, where S* G Z top . 

Lemma 8.1 There exists constant /i > so that g\ m is C°° -quasi-isometric to 
gt on F~ 1 (A T ^ fi ) uniformly for r large. 

Proof: For x G X t C ./Vic* , Let G Z top denote the simplex chosen in lemma 
14.21 When x is near O, S x contains Si — {too,toi}. Assume that S x = 
{m , • • ■ , to;} ^ {to ,toi} U S x , where S x G Z top . Choose {z k = s mk /s rna } l k=1 
and z — {z k } l k=2 to be coordinates of Ac* and X t near O. Choose z = {z k = 
s mk } l k= 2 to be the coordinate for F^ 1 (A T ) C T. Recall that X t near O is 
identified with F _1 (A T ) using the fixed S*. z and z are identified under such 
identification if S x = S*. In general, S x is not necessarily equal to S* and 
the coordinate transformation is generally, Zj — Zj(—Zi) j for 2 < j < I. 

Z 3 dzj - Z 3 d Zj ^ Uk Zl dz 3 Zk dz k ■ 

By proposition 15.11 {Wj,Wj} l j =2 is a proper basis for g t . With similar (and 
slightly simpler) arguments as in the proof of proposition ^. II one can see that 

{Wj,Wj} l j =2 is a proper basis for g\ m , where Wj — a mj Zj-J=j-. We have 



Wj = b)W k = ¥±W d + dk ^^W,. . 



^^h + E^SI' where a 5 .= \{ a ri 

m£S x \Si 



Zj dz\ 
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z e F- 1 (A T _ Al ) implies that a m > u>n and \t Wm z^\ < eT™* for m e A Sl . 
Since log|zi| 2 is bounded by lemma l4~4l we also have ^'"z™! = 0(e~ w ^) for 
m e A\Si. Notice that 

a rno =K + log(l + |zi| 2 + \t\ 2Wm \z m f 

\ m6A\Si 

is also bounded. It is easy to verify that 

S _ 1 , "mp ~ dj log |zi| 2 



When /i is large enough, we have a m ./a m . = 1 + 0(1/ p) for 2 < j < I. Conse- 
quently, /a§ = 1 + 0(1/ p). On the other hand, 



jL = t Wm i Zj + Y rnH Wm z m = O(e^). 

3 m£A\S I 



Consequently, when p is large, we have det(6^) = 1 + 0(1/ p, e wfl ) > C > 0. 

It is straightforward to verify that bj are bounded smooth functions of terms 
in (|4.1() using above computations and proposition 11.11 Then proposition 14.11 
implies that bj and their multi-derivatives with respect to {Wj,Wj} l j =2 are 

bounded. Consequently, {Wj,Wj} l j =2 is equivalent to {Wj,Wj}j =2 . By propo- 
sitions [O] and we get the desired conclusion. ■ 

Let {<7t° r } be a smooth family of toric Kahler metrics and {g™} be a smooth 
family of Kahler-Einstein metrics defined on the family of spaces {F~ 1 (A T )}. 
Theorem 4.1 in can be rephased as the following: 



Theorem 8.1 For certain fixed p, if g\ m and g^ E defined on F~ 1 (A T ) are 
C°° -quasi-isometric on F~ 1 (A T - fJ _) (uniform with respect to t), and the Kahler 
potential p T of the toric Kahler metric g\ m (viewed as a function on A T ) satisfies 
p T (x) — pi(x/r) — C(t) for x G A T and lim p%\dA c = +oo, then there exists a 

c—>l c 

smooth family of minimal Lagrangian torus L t C (X t , w™). ■ 

Theorem 8.2 Let O be a maximal degeneracy point in Xq. Then there exists 
a smooth family of minimal Lagrangian torus L t C (X t ,ojf" E ) for t small that 
approaches O when t approaches 0. 

Proof: We will take g* or as the toric metric defined earlier on F~ 1 (A T ). As 
discussed earlier in this section, Xt near O can be identified with F~ 1 (A T ). We 
will take to be the restriction to F~ 1 (A T ) of the Kahler-Einstein metric on 
Xt- Lemma 18.11 implies that g\ m is C°°-quasi-isometric to gt on F~ 1 (A T - fl ). 
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Theorem 16.31 implies that gt is C°°-quasi-isometric to g^ E . Consequently, g\ m 
is C°° -quasi-isometric to g^ E by proposition 12.41 From the definition of p T , it 
is easy to observe that p T (x) = piix/r) — 2(1 + 1) logr and lim px\dA c = +oo, 

c— >1 

apply theorem 18. II we get the desired result. ■ 
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